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EQUIVALENCE OF CRITICAL AND SUBCRITICAL SHARP
TRUDINGER-MOSER-ADAMS INEQUALITIES
NGUYEN LAM, GUOZHEN LU, AND LU ZHANG
Abstract. Sharp Trudinger-Moser inequalities on the first order Sobolev spaces and
their analogous Adams inequalities on high order Sobolev spaces play an important role
in geometric analysis, partial differential equations and other branches of modern math-
ematics. Such geometric inequalities have been studied extensively by many authors in
recent years and there is a vast literature. There are two types of such optimal inequal-
ities: critical and subcritical sharp inequalities, both are with best constants. Critical
sharp inequalities are under the restriction of the full Sobolev norms for the functions
under consideration, while the subcritical inequalities are under the restriction of the par-
tial Sobolev norms for the functions under consideration. There are subtle differences
between these two type of inequalities. Surprisingly, we prove in this paper that these
critical and subcritical Trudinger-Moser and Adams inequalities are actually equivalent.
Moreover, we also establish the asymptotic behavior of the supremum for the subcritical
Trudinger-Moser and Adams inequalities on the entire Euclidean spaces (Theorem 1.1
and Theorem 1.3) and provide a precise relationship between the supremums for the
critical and subcritical Trudinger-Moser and Adams inequalities (Theorem 1.2 and The-
orem 1.4). Since the critical Trudinger-Moser and Adams inequalities can be easier to
prove than subcritical ones in some occasions, and more difficult to establish in other
occasions, our results and the method suggest a new approach to both the critical and
subcritical Trudinger-Moser and Adams type inequalities.
1. Introduction
In this section, we will begin with giving an overview of the state of affairs of the best
constants for sharp Trudinger and Adams inequalities. Subsection 1.1 concerns the sharp
Trudinger-Moser inequalities and Subsection 1.2 discusses the sharp Adams inequalities
involving high order derivatives. In Subection 1.3, we will state our main results on the
equivalence between critical and subcritical Trudinger-Moser and Adams inequalities.
1.1. Trudinger-Moser inequality. Motivated by the applications to the prescribed
Gauss curvature problem on two dimensional sphere S2, J. Moser proved in [19] an
exponential type inequality on S2 with an optimal constant. In the same paper, he
sharpened an inequality on any bounded domain Ω in the Euclidean space RN studied
independently by Pohozaev [20], Trudinger [24] and Yudovich [25], namely the embedding
W 1,N0 (Ω) ⊂ LϕN (Ω), where LϕN (Ω) is the Orlicz space associated with the Young func-
tion ϕN(t) = exp
(
α |t|N/(N−1)
)
− 1 for some α > 0. More precisely, using the Schwarz
rearrangement, Moser proved the following inequality in [19]:
Research of this work was partly supported by a US NSF grant DMS#1301595.
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Theorem A. Let Ω be a domain with finite measure in Euclidean N−space RN , n ≥ 2.
Then there exists a constant αN > 0, such that
1
|Ω|
∫
Ω
exp
(
αN |u|
N
N−1
)
dx ≤ c0 (1.1)
for any u ∈ W 1,N0 (Ω) with
∫
Ω
|∇u|N dx ≤ 1. The constant αN = ω
1
N−1
N−1, where ωN−1
is the area of the surface of the unit N− ball, is optimal in the sense that if we replace
αN by any number α > αN , then the above inequality can no longer hold with some c0
independent of u.
Moser used the following symmetrization argument: every function u is associated to
a radially symmetric function u∗ such that the sublevel-sets of u∗ are balls with the same
area as the corresponding sublevel-sets of u. Moreover, u is a positive and non-increasing
function defined on BR (0) where |BR (0)| = |Ω|. Hence, by the layer cake representation,
we can have that ∫
Ω
f (u) dx =
∫
BR(0)
f (u∗) dx
for any function f that is the difference of two monotone functions. In particular, we
obtain
‖u‖p = ‖u
∗‖p ;∫
Ω
exp
(
α |u|
n
n−1
)
dx =
∫
BR(0)
exp
(
α |u∗|
n
n−1
)
dx.
Moreover, the well-known Po´lya-Szego¨ inequality∫
BR(0)
|∇u∗|p dx ≤
∫
Ω
|∇u|p dx (1.2)
plays a crucial role in the approach of J. Moser.
As far as the existence of extremal functions of Moser’s inequality, the first breakthrough
was due to the celebrated work of Carleson and Chang [3] in which they proved that the
supremum
sup
u∈W 1,N0 (Ω),
∫
Ω
|∇u|Ndx≤1
1
|Ω|
∫
Ω
exp
(
αN |u|
N
N−1
)
dx
can be achieved when Ω is an Euclidean ball. This result came as a surprise because it
has been known that the Sobolev inequality does not have extremal functions supported
on any finite ball. Subsequently, existence of extremal functions has been established on
arbitrary domains in [6], [17], and on Riemannian manifolds in [15], etc.
We note when the volume of Ω is infinite, the Trudinger-Moser inequality (1.1) becomes
meaningless. Thus, it becomes interesting and nontrivial to extend such inequalities to
unbounded domains. Here we state the following two such results in the Euclidean spaces.
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We first recall the subcritical Moser-Trudinger inequality in the Euclidean spaces es-
tablished by Adachi and Tanaka [1].
Theorem B. For any α < αN , there exists a positive constant CN,α such that ∀u ∈
W 1,N
(
RN
)
, ‖∇u‖N ≤ 1 : ∫
RN
φN
(
α |u|
N
N−1
)
dx ≤ CN,α ‖u‖
N
N , (1.3)
where
φN(t) = e
t −
N−2∑
j=0
tj
j!
.
The constant αN is sharp in the sense that the supremum is infinity when α ≥ αN .
We note in the above theorem, we only impose the restriction on the norm
∫
RN
|∇u|N
without restricting the full norm[∫
RN
|∇u|N + τ
∫
RN
|u|N
]1/N
≤ 1.
The method in [1] requires a symmetrization argument which is not available in many
other non-Euclidean settings. The above inequality fails at the critical case α = αN . So it
is natural to ask when the above can be true when α = αN . This is done by Ruf [21] and
Li and Ruf [16] by using the restriction of the full norm of the Sobolev space W 1,N
(
RN
)
:[∫
RN
|∇u|N + τ
∫
RN
|u|N
]1/N
.
Theorem C. For all 0 ≤ α ≤ αN :
sup
‖u‖≤1
∫
RN
φN
(
α |u|
N
N−1
)
dx <∞ (1.4)
where
‖u‖ =
(∫
RN
(
|∇u|N + |u|N
)
dx
)1/N
.
Moreover, this constant αN is sharp in the sense that if α > αN , then the supremum is
infinity.
Sharp critical and subcritical Trudinger-Moser inequalities on infinite volume domains
of the Heisenberg groups were also established in [11, 13] by using a symmetrization-free
method.
The inequality (1.3) uses the seminorm ‖∇u‖N and hence fails at the critical case
α = αN , the best constant. Thus, it can be considered as a sharp subcritical Trudinger-
Moser inequality. In (1.4), when using the full norm of W 1,N
(
RN
)
, the best constant
could be attained. Namely, the inequality holds at the critical case α = αN . Hence, (1.4)
is the sharp critical Trudinger-Moser inequality.
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Nevertheless, the main purpose of this paper is to show that in fact, these two versions
of critical and subcritical Trudinger-Moser type inequalities are indeed equivalent. Since
the critical Trudinger-Moser type inequality is easier to study than the subcritical one in
some occasions, and it is easier to investigate subcritical Trudinger-Moser type inequality
than the critical one in other occasions, our paper suggests a new approach to both the
critical and subcritical Trudinger-Moser type inequalities.
1.2. Adams inequalities. It is worthy noting that symmetrization has been a very use-
ful and efficient (and almost inevitable) method when dealing with the sharp geometric
inequalities. Thus, it is very fascinating to investigate such sharp geometric inequalities,
in particular, the Trudinger-Moser type inequalities, in the settings where the symmetriza-
tion is not available such as on the higher order Sobolev spaces, the Heisenberg groups,
Riemannian manifolds, sub-Riemannian manifolds, etc. Indeed, in these settings, an in-
equality like (1.2) is not available. In these situations, the first break-through came from
the work of D. Adams [2] when he attempted to set up the Trudinger-Moser inequality in
the higher order setting in Euclidean spaces. In fact, using a new idea that one can write
a smooth function as a convolution of a (Riesz) potential with its derivatives, and then
one can use the symmetrization for this convolution, instead of the symmetrization of the
higher order derivatives, Adams proved the following inequality with boundary Dirichlet
condition [2] which was extended to the Navier boundary condition in [23] when β = 0,
and then the first two authors extended it to the case 0 ≤ β < N [10]. The following is
taken from [10].
Theorem D. Let Ω be an open and bounded set in RN . If m is a positive integer less
than N , 0 ≤ β < N , then there exists a constant C0 = C(N,m, β) > 0 such that for any
u ∈ W
m,N
m
N (Ω) and ||∇
mu||
L
N
m (Ω)
≤ 1, then
1
|Ω|1−
β
N
∫
Ω
exp(α
(
1−
β
N
)
|u(x)|
N
N−m )
dx
|x|β
≤ C0
for all β ≤ β(N,m) where
β(N, m) =


N
wN−1
[
piN/22mΓ(m+1
2
)
Γ(N−m+1
2
)
] N
N−m
when m is odd
N
wN−1
[
piN/22mΓ(m
2
)
Γ(N−m
2
)
] N
N−m
when m is even
.
Furthermore, the constant β(N,m) is optimal in the sense that for any α > β(N ,m),
the integral can be made as large as possible.
Adams inequalities have been extended to compact Riemannian manifolds in [7]. The
Adams inequalities with optimal constants for high order derivatives on domains of infi-
nite volume were recently established by Ruf and Sani in [22] in the case of even order
derivatives and by Lam and Lu for all order of derivatives including fractional orders
[9, 12]. The idea of [22] is to use the comparison principle for polyharmonic equations
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(thus could deal with the case of even order of derivatives) and thus involves some diffi-
cult construction of auxiliary functions. The argument in [9, 12] uses the representation
of the Bessel potentials and thus avoids dealing with such a comparison principle. In
particular, the method developed in [12] adapts the idea of deriving the sharp Moser-
Trudinger-Adams inequalities on domains of finite measure to the entire spaces using the
level sets of the functions under consideration. Thus, the argument in [12] does not use
the symmetrization method and thus also works for the sub-Riemannian setting such as
the Heisenberg groups [11, 13]. The following general version is taken from [12].
Theorem (Lam-Lu, 2013) Let 0 < γ < n be an arbitrary real positive number, p = n
γ
and τ > 0. There holds
sup
u∈W γ,p(Rn),
∥∥∥(τI−∆)γ2 u
∥∥∥
p
≤1
∫
Rn
φ
(
β0 (n, γ) |u|
p′
)
dx <∞
where
φ(t) = et −
jp−2∑
j=0
tj
j!
,
jp = min {j ∈ N : j ≥ p} ≥ p.
Furthermore this inequality is sharp in the sense that if β0 (n, γ) is replaced by any
β > β0 (n, γ), then the supremum is infinite.
Very little is known for existence of extremals for Adams inequalities. Existence of
extremal functions for the Adams inequality on bounded domains in Euclidean spaces
has been established in [18] and compact Riemannian manifolds by [14] only when N = 4
and m = 2 and is still widely open in other cases.
1.3. Our Main Results. Though the Adachi-Tanaka type inequality in unbounded do-
mains has been known for quite some time, it is still not known what the following
supremum is:
sup
‖∇u‖N≤1
1
‖u‖N−βN
∫
RN
φN
(
α
(
1−
β
N
)
|u|
N
N−1
)
dx
|x|β
.
In particular, we do not even know how the supremum behaves asymptotically when α
goes to αN .
The following theorem answers this question and provides the lower and upper bounds
asymptotically for the supremum.
Theorem 1.1. Let N ≥ 2, αN = N
(
Npi
N
2
Γ(N
2
+1)
) 1
N−1
, 0 ≤ β < N and 0 ≤ α < αN . Denote
AT (α, β) = sup
‖∇u‖N≤1
1
‖u‖N−βN
∫
RN
φN
(
α
(
1−
β
N
)
|u|
N
N−1
)
dx
|x|β
.
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Then there exist positive constants c = c (N, β) and C = C (N, β) such that when α is
close enough to αN :
c (N, β)(
1−
(
α
αN
)N−1)(N−β)/N ≤ AT (α, β) ≤ C (N, β)(
1−
(
α
αN
)N−1)(N−β)/N . (1.5)
Moreover, the constant αN is sharp in the sence that AT (αN , β) =∞.
We note that we do not assume a priori the validity of the critical Trudinger-Moser
inequality with the restriction on the full norm (i.e., the inequality (1.4)) in order to
derive the above asymptotic behavior of the supremum AT (α, β). We also mention that
the upper bound in (1.5) in dimension two in the nonsingular case β = 0 has also been
given in [4] using the sharp critical Trudinger-Moser inequality in R2.
Next, we like to know how the supremum AT (α, β) we established in Theorem 1.1
will provide a proof to the sharp critical Trudinger-Moser inequality. Thus, this gives a
new proof of the sharp critical Trudinger-Moser inequality in all dimension N . We also
answer the question under for which a and b the critical Trudinger-Moser inequality holds
under the restriction of the full norm ‖∇u‖aN + ‖u‖
b
N ≤ 1. Moreover, we establish the
precise relationship between the supremums for the critical and subcritical Trudinger-
Moser inequalities.
Theorem 1.2. Let N ≥ 2, 0 ≤ β < N, 0 < a, b. Denote
MTa,b (β) = sup
‖∇u‖aN+‖u‖
b
N≤1
∫
RN
φN
(
αN
(
1−
β
N
)
|u|
N
N−1
)
dx
|x|β
;
MT (β) =MTN,N (β) .
Then MTa,b (β) <∞ if and only if b ≤ N . The constant αN is sharp. Moreover, we have
the following identity:
MTa,b (β) = sup
α∈(0,αN )

1−
(
α
αN
)N−1
N
a
(
α
αN
)N−1
N
b


N−β
b
AT (α, β) . (1.6)
In particular, MT (β) <∞ and
MT (β) = sup
α∈(0,αN )

1−
(
α
αN
)N−1
(
α
αN
)N−1


N−β
N
AT (α, β) .
We now consider the sharp subcritical and critical Adams inequalities onW 2,
N
2
(
RN
)
, N ≥
3. Our first result is the following sharp subcritical Adams inequality which provides the
asymptotic behavior of the supremum (lower and upper bounds) in this case.
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Theorem 1.3. Let N ≥ 3, 0 ≤ β < N and 0 ≤ α < β (N, 2) . Denote
ATA (α, β) = sup
‖∆u‖N
2
≤1
1
‖u‖
N
2 (1−
β
N )
N
2
∫
RN
φN,2
(
α
(
1− β
N
)
|u|
N
N−2
)
|x|β
dx;
φN,2 (t) =
∑
j∈N:j≥N−2
2
tj
j!
.
Then there exist positive constants c = c (N, β) and C = C (N, β) such that when α is
close enough to β (N, 2) :
c (N, β)[
1−
(
α
β(N,2)
)N−2
2
]1− β
N
≤ ATA (α, β) ≤
C (N, β)[
1−
(
α
β(N,2)
)N−2
2
]1− β
N
. (1.7)
Moreover, the constant β (N, 2) is sharp in the sence that AT (αN , β) =∞.
The next theorem offers a precise relationship between the supremums of critical and
subcritical Adams inequalities. Thus, it also provides a new approach of proving one of
the critical and subcritical Adams inequalities from the other.
Theorem 1.4. Let N ≥ 3, 0 ≤ β < N, 0 < a, b. We denote:
Aa,b (β) = sup
‖∆u‖aN
2
+‖u‖bN
2
≤1
∫
RN
φN,2
(
β (N, 2)
(
1− β
N
)
|u|
N
N−2
)
|x|β
dx;
AN
2
,N
2
(β) = A (β) ;
Then Aa,b (β) < ∞ if and only if b ≤
N
2
. The constant β (N, 2) is sharp. Moreover, we
have the following identity:
Aa,b (β) = sup
α∈(0,β(N,2))

1−
(
α
β(N,2)
)N−2
N
a
(
α
β(N,2)
)N−2
N
b


N−β
2b
ATA (α, β) . (1.8)
In particular, A (β) <∞ and
A (β) = sup
α∈(0,β(N,2))

1−
(
α
β(N,2)
)N−2
2
(
α
β(N,2)
)N−2
2


N−β
N
ATA (α, β) .
Finally, we will study the following improved sharp critical Adams inequality under
the assumption that a version of the sharp subcritical Adams inequality holds for the
factional order derivatives:
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Theorem 1.5. Let 0 < γ < N be an arbitrary real positive number, p = N
γ
, 0 ≤ α <
β0 (N, γ) =
N
ωN−1
[
pi
N
2 2γΓ( γ2 )
Γ(N−γ2 )
] p
p−1
, 0 ≤ β < N, 0 < a, b. We note
GATA (α, β) = sup
u∈W γ,p(RN ):
∥∥∥(−∆)γ2 u∥∥∥
p
≤1
1
‖u‖
p(1− βN )
p
∫
RN
φN,γ
(
α
(
1− β
N
)
|u|
p
p−1
)
|x|β
dx;
GAa,b (β) = sup
u∈W γ,p(RN ):
∥∥∥(−∆)γ2 u∥∥∥a
p
+‖u‖bp≤1
∫
RN
φN,γ
(
β0 (N, γ)
(
1− β
N
)
|u|
p
p−1
)
|x|β
dx
where
φN,γ (t) =
∑
j∈N:j≥p−1
tj
j!
.
Assume that GATA (α, β) <∞ and there exists a constant C (N, γ, β) > 0 such that
GATA (α, β) ≤
C (N, γ, β)(
1−
(
α
β0(N,γ)
)p−1
p
) (1.9)
Then when b ≤ p, we have GAa,b (β) <∞. In particular GAp,p (β) <∞.
Though we have to assume a sharp subcritical Adams inequality (1.9), the main idea of
Theorem 1.5 is that since GATA (α, β) is actually subcritical, i.e. α is strictly less than
the critical level β0 (N, γ), it is easier to study than GAa,b (β). Hence, it suggests a new
approach in the study of GAa,b (β).
2. Some lemmata
Lemma 2.1.
AT (α, β) = sup
‖∇u‖N≤1;‖u‖N=1
∫
RN
φN
(
α
(
1−
β
N
)
|u|
N
N−1
)
dx
|x|β
.
Proof. For any u ∈ W 1,N
(
RN
)
: ‖∇u‖N ≤ 1, we define
v (x) = u (λx)
λ = ‖u‖N .
Then,
∇v (x) = λ∇u (λx) .
Hence
‖∇v‖N = ‖∇u‖N ≤ 1; ‖v‖N = 1,
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and ∫
RN
φN
(
α
(
1−
β
N
)
|v (x)|
N
N−1
)
dx
|x|β
=
∫
RN
φN
(
α
(
1−
β
N
)
|u (λx)|
N
N−1
)
dx
|x|β
=
1
λN−β
∫
RN
φN
(
α
(
1−
β
N
)
|u (λx)|
N
N−1
)
d (λx)
|λx|β
=
1
‖u‖N−βN
∫
RN
φN
(
α
(
1−
β
N
)
|u|
N
N−1
)
dx
|x|β
.

By Lemma 2.1, we can always assume ‖u‖N = 1 in the sharp subcritical Trudinger-
Moser inequality.
Lemma 2.2. The sharp subcritical Moser-Trudinger inequality is a consequence of the
sharp critical Moser-Trudinger inequality. More precisely, if MTa,b (β) is finite, then
AT (α, β) is finite. Moreover,
AT (α, β) ≤


(
α
αN
)N−1
N
b
1−
(
α
αN
)N−1
N
a


N−β
b
MTa,b (β) . (2.1)
In particular,
AT (α, β) ≤


(
α
αN
)N−1
1−
(
α
αN
)N−1


1− β
N
MT (β) .
Proof. Let u ∈ W 1,N
(
RN
)
: ‖∇u‖N ≤ 1; ‖u‖N = 1. Set
v (x) =
(
α
αN
)N−1
N
u (λx)
λ =


(
α
αN
)N−1
N
b
1−
(
α
αN
)N−1
N
a


1/b
.
then
‖∇v‖aN =
(
α
αN
)N−1
N
a
‖∇u‖aN ≤
(
α
αN
)N−1
N
a
‖v‖bN =
(
α
αN
)N−1
N
b
1
λb
‖u‖bN = 1−
(
α
αN
)N−1
N
a
.
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Hence ‖∇v‖aN + ‖v‖
b
N ≤ 1. By the definition of MTa,b (β), we have∫
RN
φN
(
α(1−
β
N
) |u|N/(N−1)
)
dx
|x|β
=
∫
RN
φN
(
α(1−
β
N
) |u (λx)|N/(N−1)
)
d (λx)
|λx|β
= λN−β
∫
RN
φN
(
αN (1−
β
N
) |v|N/(N−1)
)
dx
|x|β
≤


(
α
αN
)N−1
N
b
1−
(
α
αN
)N−1
N
a


N−β
b
MTa,b (β) .

Lemma 2.3.
ATA (α, β) = sup
‖∆u‖N
2
≤1;‖u‖N
2
=1
∫
RN
φN,2
(
α
(
1− β
N
)
|u|
N
N−2
)
|x|β
dx.
Proof. Let u ∈ W 2,
N
2
(
RN
)
: ‖∆u‖N
2
≤ 1 and set
v (x) = u (λx) ;
λ = ‖u‖
1
2
N
2
Then it is easy to check that
∆v (x) = λ2∆u (λx)
and
‖∆v‖N
2
= ‖∆u‖N
2
;
‖v‖
N
2
N
2
=
∫
RN
|v (x)|
N
2 dx =
∫
RN
|u (λx)|
N
2 dx =
1
λN
∫
RN
|u (x)|
N
2 dx = 1.
Moreover∫
RN
φN,2
(
α
(
1− β
N
)
|v|
N
N−2
)
|x|β
dx =
∫
RN
φN,2
(
α
(
1− β
N
)
|u (λx)|
N
N−2
)
|x|β
dx
=
1
λN−β
∫
RN
φN,2
(
α
(
1− β
N
)
|u (x)|
N
N−2
)
|x|β
dx
=
1
‖u‖
N
2 (1−
β
N )
N
2
∫
RN
φN,2
(
α
(
1− β
N
)
|u|
N
N−2
)
|x|β
dx.

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Lemma 2.4. Assume Aa,b (β) <∞, then ATA (α, β) <∞. Moreover,
ATA (α, β) ≤


(
α
β(N,2)
)N−2
N
b
1−
(
α
β(N,2)
)N−2
N
a


N−β
2b
Aa,b (β) . (2.2)
In particular, if A (β) <∞, then
ATA (α, β) ≤


(
α
β(N,2)
)N−2
2
1−
(
α
β(N,2)
)N−2
2


N−β
N
A (β) .
Proof. Let u ∈ W 2,
N
2
(
R
N
)
: ‖∆u‖N
2
≤ 1 and ‖u‖N
2
= 1. We define
v (x) =
(
α
β (N, 2)
)N−2
N
u (λx)
λ =


(
α
β(N,2)
)N−2
N
b
1−
(
α
β(N,2)
)N−2
N
a


1
2b
.
then
‖∆v‖N
2
=
(
α
β (N, 2)
)N−2
N
‖∆u‖N
2
≤
(
α
β (N, 2)
)N−2
N
‖v‖bN
2
=
(
α
β (N, 2)
)N−2
N
b
1
λ2b
‖u‖bN
2
= 1−
(
α
β (N, 2)
)N−2
N
a
.
Hence ‖∆v‖aN
2
+ ‖v‖bN
2
≤ 1. By the definition of Aa,b (β), we have∫
RN
φN,2
(
α(1−
β
N
) |u|N/(N−2)
)
dx
|x|β
=
∫
RN
φN,2
(
α(1−
β
N
) |u (λx)|N/(N−2)
)
d (λx)
|λx|β
= λN−β
∫
RN
φN
(
αN(1−
β
N
) |v|N/(N−2)
)
dx
|x|β
≤


(
α
β(N,2)
)N−2
N
b
1−
(
α
β(N,2)
)N−2
N
a


N−β
2b
Aa,b (β) .

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3. Asymptotic behavior of the supremums in subcritical Trudinger-Moser
inequalities and relationship with the critical supremums
In this section, we will prove the improved sharp subcritical Trudinger-Moser inequality.
In particular, we will establish the asymptotic behavior for the supremum AT (α, β) for
the subcritical Trudinger-Moser inequality (Theorem 1.1). We would like to note here
that we don’t assume the critical MT (β) < ∞ in the proof of Theorem 1.1. Moreover,
we also establish the relationship between the supremums AT (α, β) and MT (β) of the
critical and subcritical Trudinger-Moser inequalities (Theorem 1.2).
Proof of Theorem 1.1. Suppose that u ∈ C∞0
(
RN
)
\ {0}, u ≥ 0, ‖∇u‖N ≤ 1 and ‖u‖N =
1. Let
Ω =

x : u (x) >
(
1−
(
α
αN
)N−1) 1N
 .
Then the volume of Ω can be estimated as follows:
|Ω| =
∫
Ω
1dx ≤
∫
Ω
u (x)N
1−
(
α
αN
)N−1dx ≤ 1
1−
(
α
αN
)N−1 .
We have
∫
RN\Ω
φN
(
α
(
1− β
N
)
|u|N/(N−1)
)
|x|β
dx
≤
∫
{u≤1}
φN
(
α |u|N/(N−1)
)
|x|β
dx
≤ eα
∫
{u≤1}
uN
|x|β
dx
≤ eα
∫
{u≤1;|x|≥1}
uN
|x|β
dx+ eα
∫
{u≤1;|x|<1}
uN
|x|β
dx
≤
C (N, β)(
1−
(
α
αN
)N−1)(N−β)/N .
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Now, consider
I =
∫
Ω
φN
(
α
(
1− β
N
)
|u|N/(N−1)
)
|x|β
dx
≤
∫
Ω
exp
(
α
(
1− β
N
)
|u|N/(N−1)
)
|x|β
dx.
On Ω, we set
v (x) = u (x)−
(
1−
(
α
αN
)N−1) 1N
.
Then it is clear that v ∈ W 1,N0 (Ω) and ‖∇v‖N ≤ 1. Also, on Ω, with ε =
αN
α
− 1 :
|u|N/(N−1) ≤

|v|+
(
1−
(
α
αN
)N−1) 1N
N/(N−1)
≤ (1 + ε)|v|N/(N−1) + (1−
1
(1 + ε)N−1
)
1
1−N |
(
1−
(
α
αN
)N−1) 1N
|N/(N−1)
=
αN
α
|v|N/(N−1) + 1.
Hence, by Moser-Trudinger inequality on bounded domains:
I ≤
∫
Ω
exp
(
α
(
1− β
N
)
|u|N/(N−1)
)
|x|β
dx
≤
∫
Ω
exp
(
αN
(
1− β
N
)
|v|N/(N−1) + α
)
|x|β
dx
≤ C (N, β) |Ω|1−
β
N
≤
C (N, β)(
1−
(
α
αN
)N−1)(N−β)/N .
In conclusion, we have
AT (α, β) ≤
C (N, β)(
1−
(
α
αN
)N−1)(N−β)/N .
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Next, we will show that AT (αN , β) =∞. Indeed, consider the following sequence:
un(x) =


0 if |x| ≥ 1,(
N−β
ωN−1n
)1/N
log
(
1
|x|
)
if e−
n
N−β < |x| < 1(
1
ωN−1
) 1
N
(
n
N−β
)N−1
N
if 0 ≤ |x| ≤ e−
n
N−β
.
Then we can see easily that
‖∇un‖N = 1; ‖un‖N = on(1).
However ∫
RN
φN
(
αN
(
1− β
N
)
|un|
N/(N−1)
)
|x|β
dx
≥
∫
{
0≤|x|≤e
−
n
N−β
}
φN (n)
|x|β
dx
= ωN−1φN (n)
e
−
n
N−β∫
0
rN−1−βdr
=
ωN−1φN (n)
en (N − β)
→
ωN−1
N − β
as n→∞.
Now, it is clear that there exists a large constant M1, such that when n ≥M1,
‖un‖
N
N =
∫ e− nN−β
0
(
1
ωN−1
)N/N (
n
N − β
)
N(N−1)
N rN−1dr +
∫ 1
e
−
n
N−β
(
N − β
ωN−1n
)N/N (log (
1
r
))NrN−1dr
≈ nN−1
∫ e− nN−β
0
rN−1dr +
1
n
∫ n
N−β
0
yNe−Nydy
≈ nNe−
nN
N−β +
1
n
≈
1
n
So
‖un‖
N−β
N ≈
1
nN−β
when n ≥M1.
Now we consider the following integral∫
RN
φN(α(1− β/N)|un|
N
N−1 )
|x|β
dx
&
∫ e− nN−β
0
φN
(
α(1− β/N)(
1
ωN−1
)
1
N−1 (
n
N − β
)
)
rN−1−βdr
&
∫ e− nN−β
0
φN
(
α
αN
n
)
rN−1−βdr & φN
(
α
αN
n
)
e−n
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We note that there exists a large constant M2 independent of α such that for n ≥M2
φN
(
α
αN
n
)
≈ e
( α
αN
)n
as long as α
αN
≥ 1
2
.
Now we have ∫
RN
φN(α(1− β/N)|u|
N
N−1 )
|x|β
dx
& e
(
α
αN
n
)
e−n = e
−(1− α
αN
)n
Now for α that is close enough to αN we can pick n such that 1 ≤ (1−
α
αN
)n ≤ 2, i.e
α ≈ (1−
1
n
)αN ≥
(
1−
1
max (M1,M2)
)
αN
or
max (M1,M2) ≤ n ≈
1
1− α
αN
,
Then
1
‖un‖
N−β
N
∫
RN
ΦN (α(1− β/N)|un|
N
N−1 )
|x|β
dx
& nN−βe−2
≈
(
1
1− α
αN
)N−β
(3.1)
And note that when α is close enough to αN , we have
1− ( α
αN
)N−1
1− α
αN
≈ 1,
which implies
AT (α, β) ≥
c (N, β)(
1−
(
α
αN
)N−1)(N−β)/N
when α is close enough to αN . 
Now, we will provide a proof of the sharp critical Trudinger-Moser inequality, namely
Theorem 1.2, using the above improved sharp subcritical Trudinger-Moser inequality (1.5).
This suggests a new approach to and another look at the study of the sharp Trudinger-
Moser inequality:
Proof of Theorem 1.2. First assume that b ≤ N. Let u ∈ W 1,N
(
R
N
)
\ {0} : ‖∇u‖aN +
‖u‖bN ≤ 1. Assume that
‖∇u‖N = θ ∈ (0, 1) ; ‖u‖
b
N ≤ 1− θ
a.
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If 1
2
< θ < 1, then we set
v (x) =
u (λx)
θ
λ =
(1− θa)
1
b
θ
> 0.
Hence
‖∇v‖N =
‖∇u‖N
θ
= 1;
‖v‖NN =
∫
RN
|v|N dx =
1
θN
∫
RN
|u (λx)|N dx =
1
θNλN
‖u‖NN ≤
(1− θa)
N
b
θNλN
= 1.
By Theorem 1.1, we get
∫
RN
φN
(
αN
(
1− β
N
)
|u|
N
N−1
)
|x|β
dx =
∫
RN
φN
(
αN
(
1− β
N
)
|u (λx)|
N
N−1
)
|λx|β
d (λx)
≤ λN−β
∫
RN
φN
(
θ
N
N−1αN(1−
β
N
) |v|N/(N−1)
)
|x|β
dx
≤ λN−βAT
(
θ
N
N−1αN , β
)
≤
(
(1− θa)
N
b
θN
)1− β
N
C (N, β)(
1−
(
θ
N
N−1 αN
αN
)N−1)1− βN
≤
(
(1− θa)
N
b
)1− β
N
(1− θN)1−
β
N
C (N, β) ≤ C (N, β, a, b) since b ≤ N .
If 0 < θ ≤ 1
2
, then with
v (x) = 2u (2x) ,
we have
‖∇v‖N = 2 ‖∇u‖N ≤ 1
‖v‖N ≤ 1.
By Theorem 1.1:
∫
RN
φN
(
αN
(
1− β
N
)
|u|
N
N−1
)
|x|β
dx ≤ 2N
∫
RN
φN
(
αN (1−
β
N
)
2
N
N−1
|v|N/(N−1)
)
|x|β
dx
≤ C (N, β) .
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Next, we will verify that the constant αN(1−
β
N
) is our best possible. Indeed, we choose
the sequence {uk} as follows
un(x) =


0 if |x| ≥ 1,(
N−β
ωN−1n
)1/N
log
(
1
|x|
)
if e−
n
N−β < |x| < 1(
1
ωN−1
) 1
N
(
n
N−β
)N−1
N
if 0 ≤ |x| ≤ e−
n
N−β
. (3.2)
Then,
‖∇un‖N = 1; ‖un‖N = O(
1
n
1
N
).
Set
wn(x) = λnun (x) where λn ∈ (0, 1) is a solution of λ
a
n + λ
b
n ‖un‖
b
N = 1.
λn = 1−O
(
1
n
b
aN
)
→k→∞ 1.
Then
‖∇wn‖
a
N + ‖wn‖
b
N = 1.
Also, for α > αN :
∫
RN
φN
(
α
(
1− β
N
)
|wn|
N
N−1
)
|x|β
dx
≥
∫
{
0≤|x|≤e
−
n
N−β
}
exp
(
α
(
1− β
N
)
|wn|
N
N−1
)
−
N−2∑
j=0
[α(1− βN )]
j
j!
|wn|
N
N−1
j
|x|β
dx
≥

exp


αn
(
1−O
(
1
n
b
a(N−1)
))
αN

− O (kN−1)

 ωN−1 exp (−n)N − β
→∞ as n→∞.
Now, we will show that
MTa,b (β) = sup
α∈(0,αN )

1−
(
α
αN
)N−1
N
a
(
α
αN
)N−1
N
b


N−β
b
AT (α, β)
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when MTa,b (β) <∞. Indeed, by (2.1), we have
sup
α∈(0,αN )

1−
(
α
αN
)N−1
N
a
(
α
αN
)N−1
N
b


N−β
b
AT (α, β) ≤ MTa,b (β) .
Now, let (un) be the maximizing sequence of MTa,b (β), i.e., un ∈ W
1,N
(
RN
)
\ {0} :
‖∇un‖
a
N + ‖un‖
b
N ≤ 1 and∫
RN
φN
(
αN
(
1−
β
N
)
|un|
N
N−1
)
dx
|x|β
→n→∞ MTa,b (β) .
We define
vn (x) =
u (λnx)
‖∇un‖N
λn =
(
1− ‖∇un‖
a
N
‖∇un‖
b
N
)1/b
> 0.
Hence
‖∇vn‖N = 1 and ‖vn‖N ≤ 1.
Also, ∫
RN
φN
(
αN
(
1−
β
N
)
|un|
N
N−1
)
dx
|x|β
= λN−βn
∫
RN
φN
(
‖∇un‖
N
N−1
N αN(1−
β
N
) |vn|
N/(N−1)
)
|x|β
dx
≤ λN−βn AT
(
‖∇un‖
N
N−1
N αN , β
)
≤ sup
α∈(0,αN )

1−
(
α
αN
)N−1
N
a
(
α
αN
)N−1
N
b


N−β
b
AT (α, β) .
Hence, we receive
MTa,b (β) = sup
α∈(0,αN )

1−
(
α
αN
)N−1
N
a
(
α
αN
)N−1
N
b


N−β
b
AT (α, β)
when MTa,b (β) <∞.
Now, if there exists some b > N such that MTa,b (β) <∞. Then we have
limα→α−N
(
1−
(
α
αN
)N−1
N
a
)N−β
b
AT (α, β) <∞.
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Also, since MT (β) <∞ :
limα→α−N
(
1−
(
α
αN
)N−1)N−βN
AT (α, β) <∞.
By Theorem 1.1, we can show that
limα→α−N
(
1−
(
α
αN
)N−1)N−βN
AT (α, β) > 0. (3.3)
Hence
limα→α−N
(
1−
(
α
αN
)N−1
N
a
)N−β
b
(
1−
(
α
αN
)N−1)N−βN <∞
which is impossible since b > N . The proof is now completed. 
4. Asymptotic behavior of subcritical Adams inequalities and
relationship with the critical ones
4.1. Sharp Adams inequalities on W 2,
N
2
(
RN
)
. In this subsection, we establish the
asymptotic behavior of the supremums in the subcritical Adams inequalities, namely
Theorem 1.3. Again, it is worthy noticing that no version of Theorem 1.4 is assumed
in order to prove Theorem 1.3. Moreover, we also establish the relationship between the
supremums for the critical and subcritical Adams inequalities (Theorem 1.4).
Proof of Theorem 1.3. Let u ∈ C∞0
(
RN
)
\{0}, u ≥ 0, ‖∆u‖N
2
≤ 1 and ‖u‖N
2
= 1. Set
Ω(u) =

x ∈ Rn : u(x) >
[
1−
(
α
β (N, 2)
)N−2
2
] 2
N

 .
Since u ∈ C∞0 (R
n), we have that Ω(u) is a bounded set. Moreover, we have
|Ω(u)| ≤
∫
Ω(u)
|u|
N
2
1−
(
α
β(N,2)
)N−2
2
dx ≤
1
1−
(
α
β(N,2)
)N−2
2
.
Now, consider
I =
∫
Ω(u)
φN,2
(
α
(
1− β
N
)
|u|N/(N−2)
)
|x|β
dx
≤
∫
Ω(u)
exp
(
α
(
1− β
N
)
|u|N/(N−2)
)
|x|β
dx.
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On Ω(u), we set
v (x) = u (x)−
[
1−
(
α
β (N, 2)
)N−2
2
] 2
N
.
Then it is clear that v ∈ W
2,N
2
N (Ω(u)) and ‖∆v‖N
2
≤ 1. Also, on Ω(u), with ε = β(N,2)
α
−1 :
|u|N/(N−2) ≤

|v|+
(
1−
(
α
β (N, 2)
)N−2
2
) 2
N


N/(N−2)
≤ (1 + ε)|v|N/(N−2) + (1−
1
(1 + ε)
N−2
2
)
2
2−N |
(
1−
(
α
β (N, 2)
)N−2
2
) 2
N
|N/(N−2)
=
β (N, 2)
α
|v|N/(N−2) + 1.
Hence, by Adams inequality on bounded domains (Theorem D):
I ≤
∫
Ω(u)
exp
(
α
(
1− β
N
)
|u|N/(N−2)
)
|x|β
dx
≤
∫
Ω(u)
exp
(
β (N, 2)
(
1− β
N
)
|v|N/(N−2) + α
)
|x|β
dx
≤ C (N, β) |Ω(u)|1−
β
N
≤ C (N, β)

 1
1−
(
α
β(N,2)
)N−2
2


1− β
N
.
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We also have the following estimate:
∫
RN\Ω(u)
φN,2
(
α(1−
β
N
) |u|N/(N−2)
)
dx
|x|β
≤
∫
{u≤1}
φN,2
(
α(1−
β
N
) |u|N/(N−2)
)
dx
|x|β
≤ C (N)
∫
{u≤1}
|u|
N
2
|x|β
dx
≤ C (N)

 ∫
{u≤1;|x|≥1}
|u|
N
2
|x|β
dx+
∫
{u≤1;|x|<1}
|u|
N
2
|x|β
dx


≤ C (N, β) .
In conclusion, we have
ATA (α, β) ≤
C (N, β)[
1−
(
α
β(N,2)
)N−2
2
]1− β
N
.
We now show that ATA (β (N, 2) , β) =∞. Indeed, let ψ ∈ C∞ ([0, 1]) be such that
ψ (0) = ψ′ (0) = 0; ψ (1) = ψ′ (1) = 1.
For 0 < ε < 1
2
we set
H (t) =


εψ
(
t
ε
)
0 < t ≤ ε
t ε < t ≤ 1− ε
1− εψ
(
1−t
ε
)
1− ε < t ≤ 1
0 1 < t
and consider Adams’ test functions
ψr (|x|) = H
(
log 1
|x|
log 1
r
)
.
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By construction, ψr ∈ W
2,N
2
(
R
N
)
and ψr (|x|) = 1 for x ∈ Br. Moreover, by [2]:
‖∆ψr‖
N
2
N
2
≤ ωN−1a (N, 2)
N
2 log
(
1
r
)1−N
2
Ar;
‖ψr‖
N
2
N
2
= o

( 1
log
(
1
r
)
)N−2
2


a (N, 2) =
β (N, 2)
N−2
N
Nσ
2
N
N
;
Ar = Ar (N, 2) =

1 + 2ε
(
‖ψ′‖∞ +O
(
1
log
(
1
r
)
))N
2

 ;
Now, we set
ur (|x|) =
(
log
(
1
r
))N−2
N
ψr (|x|) .
Then
ur (|x|) =
(
log
(
1
r
))N−2
N
for x ∈ Br
‖∆ur‖
N
2
N
2
≤ ωN−1a (N, 2)
N
2 Ar and
‖∆ur‖
N
N−2
N
2
≤
β (N, 2)
N
A
2
N−2
r .
Now,
ATA (β (N, 2) , β) ≥ lim
r→0+
1∥∥∥∥ ur‖∆ur‖N
2
∥∥∥∥
N
2 (1−
β
N )
N
2
∫
Br
φN,2

β (N, 2) (1− β
N
)
∣∣∣∣∣ ur‖∆ur‖N
2
∣∣∣∣∣
N/(N−2)

 dx
|x|β
≥ lim
r→0+
‖∆ur‖
N
2 (1−
β
N )
N
2
‖ur‖
N
2 (1−
β
N )
N
2
∫
Br
φN,2

β (N, 2) (1− βN ) log
(
1
r
)
‖∆ur‖
N
N−2
N
2

 dx
|x|β
≥ lim
r→0+
‖∆ur‖
N
2 (1−
β
N )
N
2
‖ur‖
N
2 (1−
β
N )
N
2
ωN−1
rN−β
N − β
φN,2


(N − β) log
(
1
r
)
[
1 + 2ε
(
‖ψ′‖∞ +O
(
1
log( 1r )
))N
2
] 2
N−2


→∞ as r → 0+.
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Now, consider the following sequence
uk (x) =


[
1
β(N,2)
ln k
]1− 2
N
− |x|
2
( ln kk )
2
N
+ 1
(lnk)
2
N
if 0 ≤ |x| ≤
(
1
k
) 1
N
Nβ (N, 2)
2
N
−1 (ln k)−
2
N ln 1
|x|
if
(
1
k
) 1
N ≤ |x| ≤ 1.
0 if |x| > 1.
Then, we can check that
1 ≤ ‖∆uk‖
N
2
N
2
≤ 1 +O
(
1
ln k
)
.
Also,
‖uk‖
N
2
N
2
≤ ωN−1
(
Nβ (N, 2)
2
N
−1 (ln k)−
2
N
)N
2
1∫
0
rN−1 ln
1
r
dr
+
ωN−1
N

[ 1
β (N, 2)
ln k
]1− 2
N
+
1(
lnk
k
) 2
N


N
2
1
k
≤ A (ln k)−1 +B (ln k)
N−2
2
1
k
for some constants A,B > 0.
Let
vk =
uk
‖∆uk‖N
2
then
‖∆vk‖N
2
= 1
and
‖vk‖
N
2
N
2
≤ ‖uk‖
N
2
N
2
≤ A (ln k)−1 +B (ln k)
N−2
2
1
k
.
By the definition of ATA (α, β) , we get
ATA (α, β) ≥
1
‖vk‖
N
2 (1−
β
N )
N
2
∫
RN
φN,2
(
α
(
1−
β
N
)
|vk|
N
N−2
)
dx
|x|β
≥
1
‖vk‖
N
2 (1−
β
N )
N
2
∫
|x|≤( 1k)
1
N
φN,2
(
α
(
1−
β
N
)
|vk|
N
N−2
)
dx
|x|β
≥ C
exp

 α
β(N,2)
(
1− β
N
) 1
‖∆uk‖
2
N−2
N
2
− β(N,2)
α

 ln k


(
A (ln k)−1 +B (ln k)
N−2
2 1
k
)1− β
N
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Note that when k (independent of α) is large
1
‖∆uk‖
2
N−2
N
2
−
β(N, 2)
α
≈ 1−
β(N, 2)
α
.
So we have
ATA(α, β) & exp
{(
1−
β
N
)(
α
β(N, 2)
− 1
)
ln k
}
· (ln k)1−
β
N
When α is close enough to β(N, 2), we are able to choose k large enough as required
before such that
ln k ≈
1
1− α
β(N,2)
or (
1−
β
N
)(
α
β(N, 2)
− 1
)
ln k ≈ 1.
Then
ATA(α, β) & C ·
(
1
1− α
β(N,2)
)1− β
N
≈

 1
1−
(
α
β(N,2)
)N−2
2


1− β
N
when α is close enough to β(N, 2). 
We now offer another proof to Theorem 1.4 using the improved sharp subcritical Adams
inequality (1.7).
Proof of Theorem 1.4. Assume 0 < b ≤ N
2
. Let u ∈ W 2,
N
2
(
RN
)
\{0} : ‖∆u‖aN
2
+‖u‖bN
2
≤ 1.
Assume that
‖∆u‖N
2
= θ ∈ (0, 1) ; ‖u‖bN
2
≤ 1− θa.
If 1
4
< θ < 1, then we set
v (x) =
u (λx)
θ
λ =
(1− θa)
1
2b
θ
1
2
> 0.
Hence
‖∆v‖N
2
=
‖∆u‖N
2
θ
= 1;
‖v‖
N
2
N
2
=
∫
RN
|v|
N
2 dx =
1
θ
N
2
∫
RN
|u (λx)|
N
2 dx =
1
θ
N
2 λN
‖u‖
N
2
N
2
≤
(1− θa)
N
2b
θ
N
2 λN
= 1.
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By Theorem 1.3, we get
∫
RN
φN,2
(
β (N, 2)
(
1− β
N
)
|u|
N
N−2
)
|x|β
dx =
∫
RN
φN,2
(
β (N, 2)
(
1− β
N
)
|u (λx)|
N
N−2
)
|λx|β
d (λx)
≤ λN−β
∫
RN
φN,2
(
θ
N
N−2β (N, 2) (1− β
N
) |v|N/(N−2)
)
|x|β
dx
≤ λN−βATA
(
θ
N
N−2β (N, 2) , β
)
≤
(
(1− θa)
1
2b
θ
1
2
)N−β
C (N, β)[
1−
(
θ
N
N−2 β(N,2)
β(N,2)
)N−2
2
]1− β
N
≤
(
(1− θa)
N
2b
)1− β
N
(
1− θ
N
2
)1− β
N
C (N, β) ≤ C (N, β, a, b) since b ≤
N
2
.
If 0 < θ ≤ 1
4
, then with
v (x) = 22u (2x) ,
we have
‖∆v‖N
2
= 4 ‖∆u‖N
2
≤ 1
‖v‖N
2
≤ 1.
By Theorem 1.3:
∫
RN
φN,2
(
β (N, 2)
(
1− β
N
)
|u|
N
N−2
)
|x|β
dx ≤ 4N
∫
RN
φN
(
β(N,2)(1− β
N
)
4
N
N−2
|v|N/(N−2)
)
|x|β
dx
≤ C (N, β) .
We now also consider the Adams’ test functions as in the proof of Theorem 1.3. Let
β > β (N, 2). Set
wr(|x|) = λr
ur (|x|)
‖∆ur‖N
2
where λr ∈ (0, 1) is a solution of λ
a
r +
λbr ‖ur‖
b
N
2
‖∆ur‖
b
N
2
= 1.
λr →r→0+ 1.
Then
‖∆wr‖
a
N
2
+ ‖wr‖
b
N
2
= 1
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and
lim
r→0+
∫
RN
φN,2
(
β
(
1− β
N
)
|wr|
N
N−2
)
|x|β
dx
≥ lim
r→0+
∫
Br
φN,2

β
(
1− β
N
)
λ
N
N−2
r |ur|
N
N−2
‖∆ur‖
N
N−2
N
2

 dx
|x|β
≥ lim
r→0+
ωN−1
rN−β
N − β
φN,2


β
β (N, 2)
(N − β) log
(
1
r
)
[
1 + 2ε
(
‖ψ′‖∞ +O
(
1
log( 1r )
))N
2
] 2
N−2


→∞ as r → 0+ if we choose ε small enough.
It now remains to show that
Aa,b (β) = sup
α∈(0,β(N,2))

1−
(
α
β(N,2)
)N−2
N
a
(
α
β(N,2)
)N−2
N
b


N−β
2b
ATA (α, β) .
By (2.2):
sup
α∈(0,β(N,2))

1−
(
α
β(N,2)
)N−2
N
a
(
α
β(N,2)
)N−2
N
b


N−β
2b
ATA (α, β) ≤ Aa,b (β) .
Now, let (un) be the maximizing sequence of Aa,b (β), i.e., un ∈ W
2,N
2
(
R
N
)
\ {0} :
‖∆un‖
a
N
2
+ ‖un‖
b
N
2
≤ 1 and∫
RN
φN,2
(
β (N, 2)
(
1−
β
N
)
|un|
N
N−2
)
dx
|x|β
→n→∞ Aa,b (β) .
We define a new sequence:
vn (x) =
u (λnx)
‖∆un‖N
2
λn =
(
1− ‖∆un‖
a
N
2
‖∆un‖
b
N
2
) 1
2b
> 0.
Hence
‖∆vn‖N
2
= 1 and ‖vn‖N
2
≤ 1.
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Also,∫
RN
φN,2
(
β (N, 2)
(
1−
β
N
)
|un|
N
N−2
)
dx
|x|β
= λN−βn
∫
RN
φN,2
(
‖∆un‖
N/(N−2)
N
2
β (N, 2) (1− β
N
) |vn|
N/(N−2)
)
|x|β
dx
≤ λN−βn ATA
(
‖∆un‖
N/(N−2)
N
2
β (N, 2) , β
)
≤ sup
α∈(0,β(N,2))

1−
(
α
β(N,2)
)N−2
N
a
(
α
β(N,2)
)N−2
N
b


N−β
2b
ATA (α, β) .
Now, we assume that there is some b > N
2
such that Aa,b (β) <∞. Then
Aa,b (β) = sup
α∈(0,β(N,2))

1−
(
α
β(N,2)
)N−2
N
a
(
α
β(N,2)
)N−2
N
b


N−β
2b
ATA (α, β)
and so
limα↑β(N,2)

1−
(
α
β(N,2)
)N−2
N
a
(
α
β(N,2)
)N−2
N
b


N−β
2b
ATA (α, β) <∞.
Also, by Theorem 1.3:
limα↑β(N,2)

1−
(
α
β(N,2)
)N−2
N
a
(
α
β(N,2)
)N−2
N
b


N−β
N
ATA (α, β) > 0, (4.1)
Hence:
limα↑β(N,2)
(
1−
(
α
β(N,2)
)N−2
N
a
)N−β
2b
(
1−
(
α
β(N,2)
)N−2
N
a
)N−β
N
> 0
which is impossible since b > N
2
. The proof is now completed. 
4.2. Adams inequalities on W γ,
N
γ
(
RN
)
-Proof of Theorem 1.5. Let u ∈ W γ,p
(
RN
)
\
{0} :
∥∥∥(−∆) γ2 u∥∥∥a
p
+ ‖u‖bp ≤ 1. We set∥∥∥(−∆) γ2 u∥∥∥
p
= θ ∈ (0, 1) ; ‖u‖bp ≤ 1− θ
a.
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If 1
2γ
< θ < 1, then by define a new function
v (x) =
u (λx)
θ
λ =
(1− θa)
1
γb
θ
1
γ
> 0.
we get
(−∆)
γ
2 v (x) =
λγ
θ
(
(−∆)
γ
2 u
)
(λx) .
Hence
∥∥∥(−∆) γ2 v∥∥∥
p
=
∥∥∥(−∆) γ2 u∥∥∥
p
θ
= 1;
‖v‖pp =
∫
RN
|v|p dx =
1
θp
∫
RN
|u (λx)|p dx =
1
θpλN
‖u‖pp ≤
(1− θa)
p
b
θpλN
= 1.
By the definition of GATA (α, β), we get
∫
RN
φN,γ
(
β0 (N, γ)
(
1− β
N
)
|u|
p
p−1
)
|x|β
dx =
∫
RN
φN,γ
(
β0 (N, γ)
(
1− β
N
)
|u (λx)|
p
p−1
)
|λx|β
d (λx)
≤ λN−β
∫
RN
φN,γ
(
θ
p
p−1β0 (N, γ)
(
1− β
N
)
|v|
p
p−1
)
|x|β
dx
≤ λN−βGATA
(
θ
p
p−1β0 (N, γ) , β
)
≤
(
(1− θa)
1
γb
θ
1
γ
)N−β
C (N, β)[
1−
(
θ
p
p−1 β0(N,γ)
β0(N,γ)
) p−1
p
]1− β
N
≤
(
(1− θa)
N
γb
)1− β
N
(1− θ)1−
β
N
C (N, β) ≤ C (N, β, a, b) since b ≤ p.
If 0 < θ ≤ 1
2γ
, then with
v (x) = 2γu (2x) ,
we have ∥∥∥(−∆) γ2 v∥∥∥
p
= 2γ
∥∥∥(−∆) γ2 u∥∥∥
p
≤ 1
‖v‖p ≤ 1.
By the definition of GATA (α, β) :
∫
RN
φN,γ
(
β0 (N, γ)
(
1− β
N
)
|u|
p
p−1
)
|x|β
dx ≤ 2N
∫
RN
φN,γ
(
β0(N,γ)
2
γ
p
p−1
(
1− β
N
)
|v|
p
p−1
)
|x|β
dx
≤ C (N, β) .
CRITICAL AND SUBCRITICAL MOSER-TRUDINGER-ADAMS INEQUALITIES 29
Acknowledgement The results of this paper have been presented in invited talks by
the second author at Zhejiang University in China in June, 2014 and at the Workshop
on Partial Differential Equation and its Applications at IMS in Singapore in December
2014 and by the first author at the AMS special session on Geometric inequalities and
Nonlinear Partial Differential Equations in Las Vegas in April 2015. The authors wish to
thank the organizers for invitations.
References
[1] Adachi, S.; Tanaka, K. Trudinger type inequalities in RN and their best exponents. Proc. of the
Amer. Math. Soc. 128 (1999), 2051–2057.
[2] Adams, D. R. A sharp inequality of J. Moser for higher order derivatives. Ann. of Math. (2) 128
(1988), no. 2, 385–398.
[3] Carleson, L.; Chang, S.Y.A. On the existence of an extremal function for an inequality of J. Moser.
Bull. Sci. Math. (2) 110 (1986), no. 2, 113-127.
[4] Cassani, D.; Sani, F.; Tarsi, C. Equivalent Moser type inequalities in R2 and the zero mass case. J.
Funct. Anal. 267 (2014), no. 11, 4236–4263.
[5] Chang, S. Y. A.; Yang, P. The inequality of Moser and Trudinger and applications to conformal
geometry. Dedicated to the memory of JY¨rgen K. Moser. Comm. Pure Appl. Math. 56 (2003), no.
8, 1135-1150.
[6] Flucher, M. Extremal functions for the Trudinger-Moser inequality in 2 dimensions. Comment. Math.
Helv. 67 (1992), no. 3, 471-497.
[7] Fontana, L. Sharp borderline Sobolev inequalities on compact Riemannian manifolds. Comm. Math.
Helv., 68 (1993) 415-454.
[8] Lam, N.; Lu, G. The Moser-Trudinger and Adams inequalities and elliptic and subelliptic equations
with nonlinearity of exponential growth. Recent developments in geometry and analysis, 179–251,
Adv. Lect. Math. (ALM), 23, Int. Press, Somerville, MA, 2012.
[9] Lam, N.; Lu, G. Sharp Adams type inequalities in Sobolev spaces Wm,
n
m (Rn) for arbitrary integer
m. J. Differential Equations 253 (2012) 1143-1171.
[10] Lam, N.; Lu, G. Sharp singular Adams inequalities in high order Sobolev spaces. Methods Appl.
Anal. 19 (2012), no. 3, 243-266.
[11] Lam, N.; Lu, G. Sharp Trudinger-Moser inequality on the Heisenberg group at the critical case and
applications. Advances in Mathematics 231 (2012) 3259-3287.
[12] Lam, N.; Lu, G. A new approach to sharp Trudinger-Moser and Adams type inequalities: a
rearrangement-free argument. J. Differential Equations 255 (2013), no. 3, 298-325.
[13] Lam, N.; Lu, G.; Tang, H. On sharp subcritical Moser-Trudinger inequalities on Heisenberg groups
and subelliptic PDEs. Nonlinear Analysis 95 (2014) 77–92.
[14] Li, Y. X.; Ndiaye, C. Extremal functions for Moser-Trudinger type inequality on compact closed
4-manifolds. J. Geom. Anal. 17 (2007), no. 4, 669–699.
[15] Li, Y. X. Extremal functions for the Moser-Trudinger inequalities on compact Riemannian manifolds.
Sci. China Ser. A 48 (2005), no. 5, 618-648.
[16] Li, Y. X.; Ruf, B. A sharp Trudinger-Moser type inequality for unbounded domains in Rn. Indiana
Univ. Math. J. 57 (2008), no. 1, 451–480.
[17] Lin, K. Extremal functions for Moser’s inequality. Trans. Amer. Math. Soc. 348 (1996), no. 7, 2663-
2671.
[18] Lu, G.; Yang, Y. Adams’ inequalities for bi-Laplacian and extremal functions in dimension four,
Adv. Math. 220 (2009) 1135-1170.
[19] Moser, J. A sharp form of an inequality by N. Trudinger. Indiana Univ. Math. J. 20 (1970/71),
1077–1092.
[20] Pohozˇaev, S. I. On the eigenfunctions of the equation ∆u+ λf(u) = 0. (Russian) Dokl. Akad. Nauk
SSSR 165 1965 36–39.
30 NGUYEN LAM, GUOZHEN LU, AND LU ZHANG
[21] Ruf, B. A sharp Trudinger-Moser type inequality for unbounded domains in R2. J. Funct. Anal. 219
(2005), no. 2, 340–367.
[22] Ruf, B.; Sani, F. Sharp Adams-type inequalities in Rn. Trans. Amer. Math. Soc. 365 (2013), no. 2,
645–670.
[23] Tarsi, C. Adams’ Inequality and Limiting Sobolev Embeddings into Zygmund Spaces. Potential
Anal., 37 (2012), no. 4, 353-385.
[24] Trudinger, N. S. On imbeddings into Orlicz spaces and some applications. J. Math. Mech. 17 1967
473–483.
[25] Judovicˇ, V. I. Some estimates connected with integral operators and with solutions of elliptic equa-
tions. (Russian) Dokl. Akad. Nauk SSSR 138 1961 805–808.
Department of Mathematics, University of Pittsburgh, Pittsburgh, PA 15260, USA
E-mail address : nhlam@pitt.edu
Department of Mathematics, Wayne State University, Detroit, MI 48202, USA
E-mail address : gzlu@wayne.edu
Department of Mathematics, Wayne State University, Detroit, MI 48202, USA
E-mail address : eu4347@wayne.edu
